We show that certain character sums are intimately connected with MacWilliams identities for linear poset codes as well as usual linear codes. We also illustrate in some two poset codes that this method gives much shorter proofs than the ones using discrete Poisson summation formula.
Character sums and MacWilliams identity
Character sums have diverse applications in many areas such as number theory, optics, coding theory and cryptography. Here, we demonstrate that certain character sums are intimately connected with the classical MacWilliams identity for linear codes and the more recent MacWilliams-type identities for linear codes on posets (cf. [3, 4] ).
Let C be a linear code of length n over the finite field F q with q elements, and let {A i } i=n i=0 , {B i } i=n i=0 respectively be the Hamming weight distributions of C and its dual code C ⊥ . Then the classical MacWilliams identity for C is equivalent to (1.1) in the following (cf. [6, pp. 88] ). The proof of the next theorem is based on (1.3) and simple change of order of summation, in contrast to the usual proof exploiting discrete Poisson summation formula.
be as above. Then we have
Here we put
where
are the Krawtchouk polynomials and w(u) denotes the Hamming weight of the vector u ∈ F n q .
Proof. Let be a nontrivial additive character of F q . Then, as is well-known [5, p. 74] , for any vector u ∈ F n q we have
In view of (1.2-3), RHS of (1.1) equals
Quick review of poset codes
Here we briefly review the notion of poset-weight, poset-distance and a poset code (a code on a poset) introduced by Brualdi et al. [1] . Let P denote a poset with the partial order on the underlying set
where Supp(u) denotes the smallest ideal containing the support of u defined by Supp(u) = {i|1 i n,
be endowed with the P-metric induced by the poset P. Then a (linear) code C ⊆ F n q is called a (linear) code of length n over F q on P (or a P-code of length n over F q ). The P-weight enumerator of such a C is defined by
Remark 2.1. If P is an antichain, then the P-weight enumerator of C specializes to the Hamming weight enumerator of C given by
A i x n−i y i .
Character sums and MacWilliams identities for certain posets
Let C be a linear code of length n over F q on a poset P, and let {B i,P } i=n i=0 be the P-weight distribution of the dual P-code C ⊥ of C. Just as in (1.4), we have the simple identity
In [3, 4] , MacWilliams-type identities for linear codes on the poset P = n 1 1 ⊕ n 2 1 ⊕ · · · ⊕ n t 1 and (n, n − 1, j)-poset were obtained (cf. Sections 3.1 and 3.2). These generalize the MacWilliams-type identity for linear codes on a simple poset in [2] which are special cases of the posets just mentioned. The discrete Poisson summation formula was used in deriving both of them. Instead here we use the character sum identity (3.1), and derive similar results to (1.5) that are equivalent to the MacWilliams-type identities just mentioned. This method gives much shorter proofs than the original ones.
Derivation of MacWilliams identity for
Let n 1 , n 2 , . . . , n t be positive integers with n = n 1 + n 2 + · · · + n t . Then, in this subsection, P = n 1 1 ⊕ n 2 1 ⊕ · · · ⊕ n t 1 is the poset whose underlying set and order relation are given by
where n 0 = 0.
In view of the poset structure of P, it is natural to write
so that u i is the ith block of coordinates of u. Then the usual inner product of u = (u 1 , u 2 , . . . , u t ) and v = (v 1 , v 2 , . . . , v t ) is given by
If s is the largest integer with u s = 0, for u = (u 1 , u 2 , . . . , u t ) ∈ F n q , then
Let j : C → F n j q (1 j t) be the projection of C into the jth block of coordinates, (1 j t) , and let 0 : C → {0}. Then, after simple modification and using (1.2), the MacWilliams-type identity in [4, Theorem 1.1] can be written as
where Q i (j ) = Q i ( j (ker j −1 ); n j , q). In view of (3.1), (3.3) is equivalent to (3.4).
Theorem 3.1. For 1 j t and 1 i n j ,
Proof. First note that, in view of (3.2), for
Thus the inner sum in LHS of (3.4) is seen to be equal to
where we used (1.3), and u l ,0 = 1 if u l = 0 and u l ,0 = 0 otherwise. Thus, from (3.5) and (1.2), the LHS of (3.4) is
as we wanted.
Derivation of MacWilliams identity for (n, n − 1, j)-poset
In this subsection, P = P (j) denotes the poset whose underlying set and only order relation are respectively given by
Here 1 j n − 1, and one notes that P = P (j) is a poset with n elements and with n − 1 maximal elements and j minimal elements, i.e., an"(n, n − 1, j)-poset". In accordance with the poset structure of P = P (j), we write
, respectively, be the projection of F n q onto the first coordinate, the next n − j coordinates and the last j − 1 coordinates. Then we put i = i | C , for i = 1, 2, 3.
Remark 3.2.
For j = 1, we agree that 3 : C → {0}. In particular, ker 3 = C, and we understand that W 3 (C) (x, y) = 1.
be the projections of F n q onto the first n − j + 1 coordinates and the last n − 1 coordinates, respectively. Then we set
As was noted in (2.7) of [3] , one easily sees that, for v ∈ F n q ,
We note that the sum over u ∈ C of the polynomial u (x, y; j − 1) given in (2.12) of [3] is nothing other than
with the convention W 3 (C) (x, y) = 1 for j = 1 as in the above remark. Then, working with q-ary codes instead of binary ones and using Hamming weight enumerators rather than P-weight ones, in our notation Theorem 2.1 in [3] can be translated into
(cf. [3, (2.11-12)]). In view of (1.2-3) or (1.5), it is natural to agree that
With this in mind and using the notation in (1.2), (3.7) can be rewritten as
In view of (3.1), this is equivalent to (3.8).
Theorem 3.3. For 0 i n,
Proof. Invoking (3.6), the LHS of (3.8) can be written as S 1 + S 2 , with
Now,
On the other hand, 
